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Abstract. This paper presents a one-dimensional model of a composite laminated plate containing a 
delamination and subject to uniaxial compression, where the delaminated plate is thought of as two 
sublaminates partly connected by an elastic interface. This is a continuous distribution of normal 
and tangential linear elastic springs, aiming to model the behavior of the thin layer of resin joining 
the laminae together in a real laminate. The nonlinear equilibrium equations, derived from von 
Kármán’s plate theory, are solved explicitly and the normal and tangential interlaminar stresses are 
determined. The virtual crack closure technique is used to deduce the expressions of the mode-I and 
mode-II energy release rates, needed for applying a mixed-mode crack-growth criterion. 

Introduction 

Composite laminated plates are successfully used in many structural applications, thanks to their 
high strength and stiffness compared to their low specific weight. Unfortunately, these materials are 
also very sensitive to damage and their attractive properties suffer the presence of defects, such as 
interlaminar cracks or delaminations, frequently due to manufacturing errors or produced during 
service (e.g. by low-velocity impacts). Whatever might be their origin, delaminations can drastically 
reduce the stiffness and the load-carrying capacity of a structure. 
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Figure 1 – Delaminated plate loaded in compression. 

 
Consider a laminated plate containing a delaminated surface, or delamination, Sd, generic in 

shape and location, parallel to the middle plane of the plate (Fig. 1). Three different regions can be 
defined in the plate: the delaminated region, Ωd, included between the delamination and the nearest 
external surface; the substrate, Ωs, between the delamination and the farthest surface; and, finally, 
the base laminate, Ωb, unaffected by the presence of the delamination. Under compressive loads, 
complex instability phenomena can occur, involving both the global buckling of the whole plate and 
the local buckling of the regions Ωd and Ωs. Furthermore, in the post-critical phase, high 
interlaminar stresses arise in the neighborhood of the delamination front, ∂Sd, thus promoting crack 
growth. As the delamination becomes larger, the geometry of the delaminated plate changes and, in 
general, a new equilibrium state is found. The process may lead to stable growth and crack arrest or 
to unstable growth until final failure. 



2 An Elastic-Interface Model for Delamination Buckling in Laminated Plates 
 

 

Literature on delamination buckling is very extensive and a complete account cannot be given 
here. The first studies on the subject were by Kachanov [1] and Chai et al. [2], who introduced the 
Thin Film Model (TFM) and the Thick Column Model (TCM). Other pioneering contributions were 
given by Whitcomb [3], Bottega and Maewal [4] and Yin [5]. Afterwards, many theoretical and 
experimental studies have been carried out. A number of cases have been analyzed, differing for the 
geometry and the boundary conditions of the plate, for the number, the shape and the position of the 
delaminations. Many solution strategies have been proposed, both analytical and numerical. Despite 
this great effort of research during the last two decades, a complete understanding of the 
phenomenon is far from being reached. Delamination buckling is still a topic of research and many 
questions, such as anisotropy [6], interface modeling [7], fiber bridging [8], crack nucleation [9], 
mixed-mode crack-growth and so on, deserve a deeper investigation. Also computational techniques 
need to be refined [10] and a continuous comparison with experimental results is necessary [11]. 

In the delamination buckling process, the phenomena of instability and fracture are intimately 
related and take place simultaneously. Actually, some studies [4,12] have proposed a variational 
formulation to derive both the equilibrium solution and the crack growth from a unique suitably 
defined functional. However, the prevailing approach is to analyze the two aspects separately: 
firstly, the nonlinear equilibrium problem is solved and secondly a crack-growth criterion is applied. 

The stability problem can be dealt with in the framework of elasticity theory [13]. This approach 
has the advantage that interlaminar stresses, responsible for crack growth, are obtained as a part of 
the solution. On the other hand, considerable analytical difficulties must be faced, even having 
recourse to numerical methods. Therefore, most studies are based on the structural theories [14]. 
The delaminated plate is then modeled as an assemblage of beams and plates, but any direct 
information about interlaminar stresses is lost. 

As far as the fracture phenomenon is concerned, the classical tools of fracture mechanics are 
usually employed. Local parameters describing the singular stress-field at the delamination front, 
such as the stress-intensity factors, kI, kII, and kIII, are obtained directly when the post-critical 
solution is found via elasticity theory [15]. Instead, when a structural model is used, they can be 
estimated a posteriori from the computed solution [16]. Alternatively, a global parameter, such as 
the energy release rate, G, can be considered. An advantage in doing this is that many methods exist 
to evaluate G rather easily (e.g. by numerical differentiation, by invariant integrals, etc.) [17], while 
a considerable drawback is that no distinction among the three different modes of crack growth 
(opening, sliding, and tearing) is usually possible. Instead, experimental studies have repeatedly 
highlighted the need of a mixed-mode crack-growth criterion in the case of composite laminates, 
where fracture toughness is much greater in mode II (sliding) than in mode I (opening) [18]. 

A more detailed description of the process of layer separation can be achieved by the theory of 
interface models. In this case, the laminated plate is schematized as a stacking of laminae, bonded 
together by interposed interface layers of zero thickness [19]. Interlaminar stresses are modeled by 
suitable constitutive laws, which can include the effects of anisotropy, plasticity, viscosity, damage 
and so on. As the complexity of the interface model grows, however, also difficulties in its use and 
in the identification of all the necessary parameters increase [20]. 

The simpler conceivable interface is probably one constituted by a continuous distribution of 
linear elastic springs. Different values of the elastic constants for the normal and tangential 
directions can be assumed and a fracture criterion can be introduced by setting an upper limit to the 
values of the elastic reactions. Models endowed with elastic interfaces have already been proposed 
for the study of delamination buckling. Vizzini e Lagace first modeled a “delaminated sublaminate” 
as a beam on an elastic foundation. They considered only normal springs and confined their analysis 
to the determination of the buckling load [21]. Bruno and Grimaldi analyzed also the post-critical 
behavior and considered delamination growth by assuming a limit elongation for the springs [22]. 
Elastic springs also in the tangential direction were considered in some papers [23,24,25], but in 
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none of these, the normal and tangential interlaminar stresses were computed in view of the 
application of a mixed-mode crack-growth criterion. Actually, the elastic interface was introduced 
there to describe the boundary conditions of the delaminated region more accurately than the TC 
Model, which assumed clamped ends. The final aim was a better evaluation of the buckling load, 
rather than the gain of information on interlaminar stresses. 

The present paper describes a one-dimensional model of a laminated plate, containing a through-
the-width delamination, subject to uniaxial compression. This Elastic-Interface Model (EIM) is 
constituted by a thinner sublaminate (the so-called film) connected to a thicker one (the substrate) 
by a continuous distribution of normal and tangential elastic springs. Their elastic constants, kZ and 
kX, should be chosen in order to reproduce the behavior of the thin layer of resin joining the laminae 
together in a real laminate [26]. The simplifying “thick column” hypothesis is supposed to hold, so 
that in the post-critical phase the film undergoes transverse displacements, but not the substrate. 

The equations derived from von Kármán’s plate theory, together with the appropriate boundary 
conditions, lead to a nonlinear differential problem. In the simpler case with no tangential springs 
(kX = 0), an exact explicit solution is determined, leading to a model called in the following Winkler-
Interface Model (WIM), because the interface acts as a Winkler-type foundation. In the general case 
with both normal and tangential springs (kZ ≠ 0 and kX ≠ 0), an approximate explicit solution is 
found. Normal and tangential interlaminar stresses are determined and the virtual crack closure 
technique is used to deduce the expressions of the mode-I and mode-II energy release rates. 

Analytical details cannot be given here for reasons of brevity and will be reported in a 
forthcoming paper. However, some results in the shape of graphs are presented to highlight the 
influence that the geometric and elastic parameters have on the structural response. A first 
comparison among the EI, the WI and the TC Models is made. 

Position of the problem 

The model. Consider a rectangular plate of length 2L, width B, and thickness Hb (Fig. 2). A central 
through-the-width delamination of initial length 2a is present, at a depth Hd from the nearest 
external surface. A rectangular reference system, OXYZ, is fixed with the origin in the center of the 
plate and with the axes parallel to its edges. The material is homogeneous and linearly elastic, with 
orthotropy axes aligned with those of the fixed reference. Let EX, EY, EZ, GXY, GYZ, GZX, νXY, νYZ, and 
νZX be its elasticity moduli. Two compressive forces of intensity P act in the X-direction. 
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Figure 2 – Plate with a through-the-width delamination, loaded in compression. 

 
Under the above hypotheses, the solution does not depend upon the Y-coordinate and the 

delaminated plate can be modeled as an assemblage of beam-plates, i.e. plates of constant width 
undergoing cylindrical deformation in the XZ-plane. Accordingly, all the following calculations will 
be referred to a plate with unit width (B = 1). 



4 An Elastic-Interface Model for Delamination Buckling in Laminated Plates 
 

 

The proposed model considers four regions partly connected by a distribution of normal and 
tangential springs, whose elastic constants are kZ and kX (Fig. 3): 

a) the delaminated film Ωd of thickness Hd < Hb / 2, included between the delamination and the 
nearest external surface; 

b) the adhering film Ωdk of thickness Hd, connected to the substrate by the elastic interface; 
c) the delaminated substrate Ωs of thickness Hs = Hb – Hd, included between the delamination 

and the farthest external surface; 
d) the adhering substrate Ωsk of thickness Hs, connected to the film by the elastic interface. 
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Figure 3 – The Elastic-Interface Model. 

 

Equilibrium equations. Only a half plate is considered in the calculation scheme, where suitable 
restraints on the symmetry axis and clamped end conditions are assumed (Fig. 4). An auxiliary 
reference system with the origin at the delamination front, such that Xk = X – a, is also fixed. 
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Figure 4 – EI Model: calculation scheme. 

 
Each sublaminate is modeled as beam-plate undergoing moderate rotations. Let Ad = EX Hd and 

Dd = EX Hd
3 / 12 be the extensional and bending stiffnesses of the film, respectively; let As = EX Hs 

and Ds = EX Hs
3 / 12 be those of the substrate; let Ab = EX Hb and Db = EX Hb

3 / 12 be those of the 
base laminate. According to von Kármán’s theory, the following differential equation 
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governs the bending problem for each sublaminate; while the extensional problem is described by 
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where, as usual, w is the transverse displacement; mX and mY are the distributed moment loads; f X, 
f Y and q are the distributed loads and, finally, N X, N XY, and N Y are the membrane forces. 
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In the present model, all the derivatives w.r.t. Y and all the quantities in the Y-direction are zero. 
The load terms q and f X are zero for the delaminated regions, Ωd and Ωs, while they are equal to the 
elastic reactions of the interface for the adhering sublaminates, Ωdk and Ωsk. 

It is convenient to define the constants λ, µ and ω, all having the dimensions of length: 

X
d

d
C

d

d

NP

DD −==2λ , (3) 

Z

d

k

D
44 =µ , (4) 

sdXk AA 11

112

+
=ω , (5) 

where Pd
C = –Nd

X is the buckling load of the delaminated region, to be determined as explained in 
the following. The load that correspondingly is applied to the base laminate is PC = Pd

C (Ab / Ad). 
According to the so-called “thick column” hypothesis, it is here supposed that Ds >> Dd. So, any 

transverse displacements of the substrate, ws and wsk, are neglected, while the transverse 
displacements of the film, wd and wdk, are taken into account. Axial displacements, ud, udk, us, and 
usk, are considered in all sublaminates. With this, and by using the constitutive law to express axial 
forces in terms of displacements, the governing equations become: 
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for the delaminated film Ωd; 
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for the adhering film Ωdk; 

0=sw , (10) 
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for the delaminated substrate Ωs; 
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for the adhering substrate Ωsk. 
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Solution of the problem 

Equilibrium in the post-critical phase. An exact explicit solution to the above stated differential 
problem could be obtained in the simpler case with no tangential springs (kX = 0), leading to what is 
called here the Winkler-Interface Model. Despite the choice of not considering any tangential 
stresses is questionable in principle, the derivation of an exact solution is useful to test the results of 
other approximate analyses [21,22]. The final expressions that were obtained are rather lengthy and 
cannot be given here, but results in the shape of graphs are reported in the following section. 

In the more realistic, general case (kZ ≠ 0 and kX ≠ 0) of the Elastic-Interface Model, an 
approximate explicit solution was found, by neglecting the nonlinear contribution to the axial strain 
in Eqns. (8) and (9). Consequently, the adhering film Ωdk is treated as a standard beam-plate that 
undergoes transverse displacements, acting as an elastic restraint for the delaminated film Ωd, but 
does not take part directly in the instability phenomenon. 

The final expressions of the transverse displacements of the film in the post-critical phase are 
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where dd, adk, bdk, cdk, and ddk are dimensionless constants of integration and Ad, with the dimensions 
of length, is the amplitude of the sinusoid representing the transverse displacement of Ωd. 

The expressions of the axial displacements are 
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By putting expressions (14) to (19) into the boundary conditions (whose expressions are here 
omitted for brevity), a set of linear homogeneous algebraic equations for the six unknown constants 
of integration is obtained. For a nontrivial solution to exist, its determinant, 
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must vanish. Hence, the buckling load of the delaminated region, Pd
C = Dd / λ2, can be found by 

solving numerically Eqn. (20). 
The nondimensional constants of integration are determined as 
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The amplitude Ad, which is zero throughout the pre-critical phase, increases after buckling has 
occurred, according to the following law 
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derived by enforcing compatibility between the axial displacements of the film and of the substrate. 
 
Delamination growth. All the relevant quantities, such as resultant forces and moments, stresses 

and strains, displacements, etc. can now be determined explicitly in terms of the post-critical 
solution. In particular, the normal and tangential interlaminar stresses, whose knowledge is 
necessary in view of the application of a mixed-mode crack-growth criterion, are 
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By the virtual crack closure technique, the energy release rate, G = –∂Π / ∂a (Π being the total 
potential energy of the system), is split into the sum of the contributions of modes I and II, 
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where the hat (^) refers to a plate where the delamination has virtually grown by a length ∆a and the 
star (*) is relative to the effective system. By substituting the previously obtained solution into (29) 
and (30), by performing the integration and the limit, the following expressions are finally found: 

( ) s

C
k

dkZI

PPL
a

aa
akG

A
−








 +
−

=
ω

ω
λλ

λ
tanh

2sin2

8

2

1 2 , (31) 

2

tanh
2

1







 −=
s

C
k

XII

PPL
kG

Aω
ω . (32) 



8 An Elastic-Interface Model for Delamination Buckling in Laminated Plates 
 

 

Some results 

As an application, a plate with L = 100 mm, Hd = 1 mm and Hb = 10 mm is considered. The 
assumed elastic moduli are typical of a fiber-reinforced composite: EX = 113000 MPa, 
EY = 9000 MPa, GXY = 3820 MPa. In the following graphs, load values are made nondimensional by 
dividing them by the Euler load, PEUL = π2 Db / L

2 = 9294 N/mm (which is the buckling load of the 
undamaged plate) and the delamination length, a, is divided by the plate length, L. 

The curves plotted in Figs. 5 and 6, computed using the WI and the EI Models, respectively, 
represent the buckling load of the plate, PC, as a function of the delamination length, a, for a range 
of values of the normal spring constant, kZ. 

 

0.00

0.20

0.40

0.60

0.80

1.00

0.00 0.20 0.40 0.60 0.80 1.00

Nondimensional delamination length, a/L

N
o

n
d

im
en

si
o

n
al

 b
u

ck
lin

g
 lo

ad
, P

C
/P

E
U

L

k Z =103 N/mm3

TCM

k Z =105 N/mm3

k Z =102 N/mm3

k Z =101 N/mm3

k Z =1 N/mm3

k Z =10-1 N/mm3 k Z =10-2 N/mm3 k Z =0 N/mm3

k Z =104 N/mm3

 

Figure 5 – WI Model: Buckling load of the plate vs. delamination length. 
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Figure 6 – EI Model: Buckling load of the plate vs. delamination length. 
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In both cases, PC is a decreasing functions of a, and as a/L → 1 (complete delamination), PC goes 
to PC0 = (Ab / Ad) π2 Dd / L

2. As a/L → 0 (no delamination), the WI Model furnishes finite values, 
namely the buckling loads of a beam on an elastic foundation. Instead, the EI Model predicts loads 
that go to infinity. This is a consequence of having neglected the instability of the adhering film. In 
any case, values of PC/PEUL > 1 have no physical meaning and must therefore be excluded. 

As kZ → ∞ (rigid interface), the buckling loads furnished by both models approach those of the 
TC Model. Instead, as kZ → 0 (no interface), PC → PC0. 

 

0.00

0.20

0.40

0.60

0.80

1.00

0.00 1.00 2.00 3.00 4.00 5.00

Nondimensional transverse displacement, w d (0)/H d

N
o

n
d

im
en

si
o

n
al

 a
p

p
lie

d
 lo

ad
, P

/ P
E

U
L

TCM

k Z =101 N/mm3

k Z =1 N/mm3

k Z =10-1 N/mm3

k Z =10-2 N/mm3

k Z =103 N/mm3

k Z =104 N/mm3

k Z =105 N/mm3
k Z =102 N/mm3

k Z =106 N/mm3

k Z =0 N/mm3

 
Figure 7 – WI Model: Applied load vs. transverse displacement of the midpoint. 
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Figure 8 – EI Model: Applied load vs. transverse displacement of the midpoint. 

 
In a composite laminate, the interface represents the thin layer of resin between the laminae, so 

its elastic constants should be assigned in terms of the properties of the resin itself [26]. Lacking 
those data, their values are commonly deduced from the properties of a single lamina, as follows: 
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t

E
k Y

Z = ,     and     
t

G
k XY

X = , (33) 

where EY and GXY are the elasticity moduli in the direction orthogonal to fibers and t is the thickness 
of the lamina [19,20]. For a typical fiber-reinforced composite, it can be approximately expected 
that kZ = 104 ÷ 106 N/mm3 and kX = 1/5 ÷ 1/2 kZ. So, as regards the buckling load, the WI and the EI 
Models can be utilized indifferently, since their predictions nearly coincide for kZ ≥ 102 N/mm3. 

Moving on to examine the post-critical behavior, a fixed delamination length, a = 15 mm, and a 
tangential spring constant kX = kZ / 2 are assumed. Figs. 7 and 8, obtained via the WI and the EI 
Models, respectively, show the applied load vs. the transverse displacement of the midpoint of the 
delaminated region, wd (0), made nondimensional by diving it by Hd. The WI Model reveals a less 
stiff response than the EI Model, due to the lack of a tangential interlaminar bonding. It is worth 
noting how, as kZ → ∞, the WI Model does not converge to the TC Model, while the EI Model does. 
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Figure 9 – EI Model: Energy Release Rate vs. delamination length and applied load. 

 
Finally, the process of delamination growth for the EI Model is considered, assuming the elastic 

constants, kZ = 5.6 x 104 N/mm3 and kX = 2.4 x 104 N/mm3, given by Eqns. (33) with t = 0.16 mm. 
According to Griffith’s criterion, the crack starts to grow when the energy release rate, G, attains a 
critical value, GC. Fig. 9 represents a contour plot of G as a function of the nondimensional 
delamination length, a/L, and applied load, P/PEUL. During the pre-critical phase, the film and the 
substrate do not undergo any relative displacements, thus the interlaminar stresses are zero and so is 
G. Consequently, no growth is predicted for loads less than the buckling load. During the post-
critical phase, G increases with increasing load. When the critical value is reached, delamination 
growth occurs and the point representative of the state of the system, (a,P), moves along a contour 
line, G = GC. Growth will be stable if P increases with increasing a, unstable if P decreases. 

The critical energy release rate, GC, is a material constant to be determined by experiments. 
Nevertheless, for composite laminates, values measured in a pure mode-II test, GII

C, can be several 
times those measured in a pure mode-I test, GI

C. So, a more realistic crack-growth criterion should 
account for the mode mixity, by assigning different weights to the contributions of modes I and II 
[18]. A rough choice, yet useful for the sake of illustration, is assuming that only one mode is 
relevant and that the delamination grows when either GI = GI

C or GII = GII
C. Fig. 10 and 11 represent 
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the contour plots of the mode-I and mode-II energy release rates, GI and GII, respectively. GI-
contour lines are initially decreasing with a, then they attain a minimum and afterwards they 
become increasing curves. Consequently, the mode-I criterion predicts stable growth for 
delamination lengths greater than a certain value. On the contrary, GII-contour lines are decreasing 
curves, corresponding to unstable growth, nearly to a = L (complete delamination). 
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Figure 10 – EI Model: Mode-I (opening) Energy Release Rate vs. delamination length and applied load. 
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Figure 11 – EI Model: Mode-II (sliding) Energy Release Rate vs. delamination length and applied load. 

Conclusions 

A one-dimensional model of a delaminated plate with an elastic interface between sublaminates was 
presented. The governing equations were solved explicitly in two cases, leading to a simpler 
Winkler-Interface Model and to a more complex Elastic-Interface Model. The virtual crack closure 
technique was used to deduce the expressions of the mode-I and mode-II energy release rates. 
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Numerical results illustrated the role played by the geometric and elastic parameters of the 
models. For values corresponding to real laminates, the WI and the EI Models furnished nearly the 
same buckling loads (lower than those given by the Thick Column Model). In the post-critical phase, 
the WI Model showed a less stiff response than the EI Model. In the limit case of a rigid interface, 
the WI Model did not converge to the TC Model, while the EI Model did. These circumstances 
should warn against the errors that can be made, by neglecting the tangential interlaminar stresses. 

Finally, the process of delamination growth was briefly discussed. The contour plots of G, GI and 
GII revealed markedly different qualitative trends, so that different predictions about crack growth 
and its stability were possible, depending on which mode had a prevailing weight in the adopted 
growth criterion. The taking into account of the mode mixity is thus confirmed as a crucial issue. 
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